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KAZHDAN-LUSZTIG THEORY OF SUPER TYPE D
AND QUANTUM SYMMETRIC PAIRS

HUANCHEN BAO

ABSTRACT. We reformulate the Kazhdan-Lusztig theory for the BGG cate-
gory O of Lie algebras of type D via the theory of canonical bases arising from
quantum symmetric pairs initiated by Weiqiang Wang and the author. This
is further applied to formulate and establish for the first time the Kazhdan-
Lusztig theory for the BGG category O of the ortho-symplectic Lie superalge-
bra osp(2m/|2n).
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INTRODUCTION

0.1. The Kazhdan-Lusztig theory provides a solution to the problem of determin-
ing the irreducible characters in the BGG category O of semisimple Lie algebras
(IKL,BBLBK]). The theory was originally formulated in terms of the canonical
bases (i.e., Kazhdan-Lusztig bases) of Hecke algebras. On the other hand, the clas-
sification of finite-dimensional simple Lie superalgebras over complex numbers has
been obtained by Kac in ([Kac]) in the 1970s, while the representation theory of
Lie superalgebras turns out to be very difficult. One of the main reasons is that
the corresponding Weyl group of a Lie superalgebra is not enough to control the
linkage principle in the BGG category O. Thus the relevant Hecke algebras do not
play significant roles in the representation theory of Lie superalgebras as in the
representation theory of semisimple Lie algebras.

The Lie superalgebras gl(m|n) and osp(m|2n), which generalize the classical
Lie algebras, are arguably the most important classes of Lie superalgebras. In
2003, Brundan in [Brl] formulated a Kazhdan-Lusztig type conjecture for the full
category O of general linear Lie superalgebras. The Jimbo-Schur ([Jim]) duality
plays a crucial role in Brundan’s conjecture, which allows a reformulation of the
Kazhdan-Lusztig theory in type A in terms of the canonical bases of the quantum
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group U, (sl;) of type A. Brundan’s conjecture was proved first by Cheng, Lam and
Wang [CLW1I5] and later by Brundan, Losev and Webster [BLW].

Recently in [BW13], Weigiang Wang and the author initiated a theory of canon-
ical bases arising from quantum symmetric pairs. We showed that a coideal subal-
gebra of U, (sly) centralizes the Hecke algebra of type B (of equal parameters) when
acting on V®™ the tensor product of the natural representation V of U,(sli). We
constructed a (new) z-canonical basis on V™ which allows a reformulation of the
Kazhdan-Lusztig theory of type B independent of the Hecke algebra. The theory
was further applied to formulate and establish for the first time the Kazhdan-
Lusztig theory for the BGG category O of the ortho-symplectic Lie superalgebra
0sp(2m + 1|2n). The geometric realization of the coideal subalgebras considered
there and the canonical bases on the modified coideal subalgebras have been given
in [BKLW]| and [CW] using partial flag varieties of type B/C.

On the other hand, the problem of determining the irreducible characters in the
BGG category O of the ortho-symplectic Lie superalgebra osp(2m|2n) is still open
since the 1970s.

0.2. In this paper, we provide a complete solution to the irreducible character prob-
lem in the BGG category O of modules of integral and half-integral weights of the
ortho-symplectic Lie superalgebra osp(2m|2n). We adapt the theory of canonical
bases from [BW13] to quantum symmetric pairs with different parameters. The
non-super specialization here amounts to a reformulation of the classical Kazhdan-
Lusztig theory of type C/D. This paper is a sequel of [BW13].

0.3. A naive idea to follow [BW13] is to find the subalgebra of U, (sl}), whose action
on the tensor product V®™ centralizes the action of the Hecke algebra Hp_ of type
D on V®™, Such a (new) subalgebra has been constructed using the geometry of
isotropic partial flag varieties of type D in [FL]. However the subalgebra is very
involved, as expected, due to the complicated structure of isotropic flag varieties of
type D, which makes it not suitable for further application to the category O of Lie
superalgebras.

We realize a natural and simple way to overcome the difficulty is to first con-
sider the Hecke algebra ‘{HIBm of type B with unequal parameters. Let J'C%m be the
Iwahori-Hecke algebra of type B,, with two parameters p and g over Q(q,p), gen-
erated by H{, H1, Hs, ..., Hy,_1, and subject to certain relations (see (3.2))). The
Hecke algebra Hh s the specialization of H%, at p = 1. We observe that 9{1
naturally contains the Hecke algebra Hp , of type D as a subalgebra.

Then we look for the subalgebra of U,(sly), whose action on the tensor product
V™ centralizes the action of the Hecke algebra J—C}Bm on V& The subalgebra is
a coideal subalgebra of the quantum group U, (sly) of type A, denoted by Uy (sly).
Since the Hecke algebra J{}Bm contains Hp,, as a subalgebra, the actions of U (sly)
and Hp,, on the tensor space V" clearly commute.

The coideal subalgebra comes in different forms depending on the parity of k.
The quantum group U,(sl;) and the coideal subalgebra U, (sl) form a quantum
symmetric pair ([Kol).

0.4. Ehrig and Stroppel used the same coideal subalgebra Uy, (sl) of the quantum
group Ug(sly) to study the parabolic category O of the Lie algebra so(2m) in [ES]
simultaneously and independently from [BW13]. They established the commuta-
tivity between the actions of U (sly) and Hp, on the tensor space Vem_ The
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actions of the Chevalley type generators of Uy (sly) on V®™ have been identified
with the actions of translation functors on the category O of the Lie algebra so(2m).
However, neither the establishment of the z-canonical basis nor the (re)formulation
of the (super) Kazhdan-Lusztig theory of type D was available there.

0.5. Tt turns out the action of U} (sly,41) (that is, & = 2r+1, being an odd number)
on (V*)®" tensor product of the restricted dual V* of the natural representation V
of Ugy(slar11), centralizes the action of H} (p = ¢) on (V*)®". Tt is actually more
suitable to consider J'C?B" as the Hecke algebra He,, of type C (of equal parameters)
due to the connection with the BGG category O of the Lie superalgebra osp(2m|2n)
(in particular, the specialization sp(2n) when m = 0).

0.6. In [BW13] we considered the Hecke algebra J'Cqu with equal parameters p = q.
It was shown there that a certain coideal subalgebra of the quantum group U, (sly)
of type A forms double centralizers with J{qu when acting on the tensor space V™.
In this paper, we consider the Hecke algebra J'C}Bm with p = 1. Thus the (different)
centralizing coideal subalgebra Ug (slx) of Uy(sly) considered in this paper is of
different parameters from the one considered in [BW13], where the choice of the
parameters in Uf](slk) corresponds to the choice of the parameter p in the two
parameters Hecke algebra %%m.

The construction of +-canonical bases developed in [BW13] applies to the coideal
subalgebras with different parameters without difficulty, that is, simple U,(sly)-
modules and their tensor products admit :-canonical bases. In the ongoing work
[BW16], we generalize the construction of +-canonical bases to more general quan-
tum symmetric pairs (see also Remark 2T7]).

Thanks to the (weak) Schur type dualities for the type D (and type C), the
classical Kazhdan-Lusztig theory of type D (and type C, respectively) can be re-
formulated in terms of i-canonical bases on V™ (on (V*)®" respectively). More
precisely speaking, the entries of the transition matrix between the +-canonical basis
and the standard basis (i.e., the monomial basis) are exactly the Kazhdan-Lusztig
polynomials of type D (and type C, respectively).

0.7. We apply the theory of +-canonical bases to the BGG category O of the Lie
superalgebra o0sp(2m|2n) in Section @l In this section we consider the infinite rank
limit of the quantum symmetric pair (Uy(sls ), Uy (sl )). The theory of the super
duality developed in [CLW11] plays the essential role.

For a 0™ 1™-sequence b (which consists of m zeros and n ones), we define a tensor
space TP using m copies of V and n copies of V* with the tensor order prescribed
by b (with 0 corresponds to V). In this approach, T® (more precisely, its integral
form) at ¢ = 1 is identified with the Grothendieck group [OP] of the BGG category
OP of osp(2m|2n)-modules (relative to a Borel subalgebra of type b). We construct
the s-canonical basis and dual ¢-canonical basis on (a suitable completion of) the
tensor space TP. The construction of these bases is exactly the same as in [BW13],
while only the precise formulas of these bases are different (which is irrelevant to
the construction).

For the Lie superalgebra osp(2m|2n), there are generally two types of funda-
mental systems, hence related Dynkin diagrams, with respect to different choices
of the Borel subalgebras b: with a type D branch (where b starts with 0%) in the
Dynkin diagram; or with a type C branch (where b starts with 1) in the Dynkin
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diagram. Those two types of fundamental systems are not conjugate under the
Weyl group actions, but differ by odd reflections. We prove the Kazhdan-Lusztig
theory for the category OP of the Lie superalgebra osp(2m|2n) with respect to b
of the first type by induction on n, where the base case n = 0 follows from the
classical Kazhdan-Lusztig theory of type D. On the other hand, the proof of the
Kazhdan-Lusztig theory for the category OP of the Lie superalgebra osp(2m|2n)
with respect to b of the second type follows by induction on m, where the base case
m = 0 follows from the classical Kazhdan-Lusztig theory of type C. The induction
processes of the two types are actually similar, where we compare category O’s with
respect to adjacent Borel subalgebras (switching adjacent 0 and 1 in the sequence
b), as well as compare the parabolic category O with the full category 0. We also
study certain infinite rank limits of the parabolic category O.

1. PRELIMINARIES ON QUANTUM GROUPS

In this preliminary section, we review some basic definitions and constructions
on quantum groups from Lusztig’s book [Lu2]. We also introduce the involution 6
and its quotient Ay which will be used in quantum symmetric pairs.

1.1. The involution § and the lattice Ay. Let ¢ be an indeterminate. For r € N,
we define the following index sets:

Lppr={i€Z|-r<i<r},

1.1 1
(L11) HQT:{ieZ+§|—r<i<r}.

Set k = 2r+1 or 2r, and we use the shorthand notation I = I, in the remainder
of Section [I] and very often throughout this paper. Let

(= 1I) = {ai =&i-1 — &1 \ie ]I}

be the simple system of type A, and let ® be the associated root system. Denote
by

A= Ar) =) (Zei oy +Zeiyy)
i€l
the integral weight lattice, and denote by (-,-) the standard bilinear pairing on A
such that (eq,€p) = 0qp for all a,b. For any p = )", c;a; € NII, set ht(p) =), ¢;.
Let 6 be the involution of the weight lattice A such that

0(ei_1) =—e_jy1, foralliel

We shall also write A\? = 0(\), for A € A. The involution @ preserves the bilinear
form (-,-) on the weight lattice A and induces an automorphism on the simple
system II such that af = a_; for all i € L.

Let A = {y € A | u? 4+ pu} and Ag = A/A?. For u € A, denote by 7 the image of
u under the quotient map. There is a well-defined bilinear pairing Z[o; — a—;]ier X
Ao — Z, such that (35, gai(o —a_;), 1) := >, g ai(o; — a_j, p) for any i € Ag
with any preimage pu € A.
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1.2. The quantum group. The quantum group U = U,(sl;41) is defined to be
the associative Q(g)-algebra generated by Ey,;, Fa,, Ka,, K,;il, 1 € I, subject to the
following relations (for 4, j € I):

Ko, K;' =K 'K,, =1,

i

KaiKaj = Kochaia
K(MEOthiil = q(aivaj)EOéjv

«

Ko Fo, K5 =g~ F,,

K, —K-!
EoFo, — Fo,Eq, = 6; j———-
q—q
E2 Eo, + Eo,E: = (q+q ")Ea,Eu,Ea,, if i — j| =1,
Eo,E., = Eo,E.,, if |i — j| > 1,
F2Fo, +Fo F2 =(q+q ") Fa,Fa,Fa,, if i — j] =1,
Fo,Fo, = Fo, Fa,, if |i — j| > 1.

Let U, U% and U~ be the Q(g)-subalgebra of U generated by E,,, Ki', and
F,,, respectively, for ¢ € I. We introduce the divided power Fé‘” = F§ /la]!, where
a>0,la =(q*—q*/(¢g—q") and [a]! = [1][2]---[a]. Let A = Z[g,q"']. Let
AU+ be the A-subalgebra of Ut generated by ES for various a > 0 and i € L.
Similarly let 4 U~ be the A-subalgebra of U™ generated by E,(xa) for various a > 0
and i € .

Proposition 1.1. (1) There is an involution w on the Q(q)-algebra U such
that w(Eq,) = Fa,, w(Fy,) = Eq,, and w(K,,) = K for alli € I
(2) There is an anti-linear (q — q~*) bar involution of the Q-algebra U such
that Eo, = Ea,, Fo, = Fo,, and Ko, = K;! for all i € 1.
(Sometimes we denote the bar involution on U by 1.)
Recall that U is a Hopf algebra with a coproduct
AU—URU,
A(Ea;) =1® Eo; + Ea, @ K[,
A(F,,)=F,, @1+ K,, ® F,,,

i

A(Kao,)) = Ko, ® Ka,.

i

(1.2)

There is a unique Q(g)-algebra homomorphism € : U — Q(g), called a counit, such
that €(F,,) =0, e(F,,) =0, and ¢(K,,) = 1.

1.3. Braid group actions and canonical bases. Let W := Wy, = G4 be
the Weyl group of type Ag. Recall [Lu2] for each «; and each finite-dimensional
U-module M, a linear operator T,,, on M is defined by, for A € A and m € M),

Toi(m) = > (-1)°¢" B FYE)m.
a,b,c>0;—a+b—c=(X\, ;)
These T,,’s induce automorphisms of U, denoted by T, as well, such that
To, (um) = Ty, (w) Ty, (m), for all u € U,m € M.
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As automorphisms on U and as Q(g)-linear isomorphisms on M, the T,,’s satisfy
the braid group relations ([Lu2, Theorem 39.4.3]):

ToToy = T, Ty if i — j| > 1,
T Toy Ty = Too; T, T, » if i — j| = 1.

Hence for each w € W, T,, can be defined independent of the choices of reduced
expressions of w. (The T,, here is T}’, in [Lu2].)
Denote by #(-) the length function of W, and let wy be the longest element of

W. The following lemma is well known (cf. [BW13| Lemma 1.5]).

Lemma 1.2. The following identities hold:

i —1

Tuwo(Ka,) = K", Tuwy(Ea,) = —Fa Ko ,, Tuwy(Fa_,)=—-K,'Eq, foricl

Let AT ={A € A | 2(a;, \)/(vi, ;) € N,Vi € I} be the set of dominant weights.
Note that u € At if and only if u? € A¥, since the bilinear pairing (-,-) on A is
invariant under 6 : A — A.

Let M(A) be the Verma module of U with highest weight A\ € A and with a
highest weight vector denoted by 7 or nx. We define a U-module “ M (\), which
has the same underlying vector space as M (A) but with the action twisted by the
involution w given in Proposition [Tl When considering 1 as a vector in “ M (\),
we shall denote it by £ or £_x. The Verma module M ()) associated to dominant
A € AT has a unique finite-dimensional simple quotient U-module, denoted by L()).
Similarly we define the U-module “L(A). For A € AT, we let 4L(\) = 4U "7 and
“L(A) = 4AUTE be the A-submodules of L(\) and “L(\), respectively.

We call a U-module M equipped with an anti-linear involution v involutive if
PY(um) = Y(u)p(m), Yu € U,m € M. The U-modules “L(A) and L(A) are both
involutive. Given any two involutive U-modules M and M’, Lusztig showed that
their tensor product M ® M’ is also involutive ([Lu2] §27.31]).

In [LullLu2] and [Ka], the canonical basis B of 4,U" = 4,U~ has been con-
structed. For any element b € B, when considered as an element in U~ or U™,
we shall denote it by b~ or b™, respectively. In [Lu2], subsets B(\) of B is also
constructed for each A € AT, such that {b=7n, | b € B()\)} gives the canonical basis
of 4L(A). Similarly {bT¢_y | b € B(A\)} gives the canonical basis of % L(\).

2. QUANTUM SYMMETRIC PAIRS

In this section we shall develop the theory of 7-canonical bases for the quantum
symmetric pairs:

(Ug(slary1), Ug(slart1))  and  (Ug(slarg2), Ug(slaria)).

The definitions of the quantum symmetric pairs shall be given in the first two
sections, separately (see also [ES]). The theory of :-canonical bases is nevertheless
uniform in both cases. Therefore after stating their definitions we shall formulate
their general theory together. Section 2.1 - Section 2.3 are analogous to [BW13|
Part 1] hence we shall omit the proofs almost entirely. Some of the quantum
symmetric pairs considered here are of different parameters from the ones considered
in [BW13] (see also [BW16| for more general construction). We refer to [Ko| for
the general theory of quantum symmetric pairs.
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2.1. The quantum symmetric pair (Uy(sla;+1), Up (sl2r11)). We define

1 13 1
HET:(E—FN)H]IQT:{E,E,,T—E}

The Dynkin diagram of type As, together with the involution 6 is depicted as
follows:

0
T
Agr : o *——o [
a 1 a_1 Q1 Q,_1
—r+3 -3 3 r—3

The algebra Uy (slz,11) is defined to be the associative algebra over Q(q) gener-
ated by eq,;; fa;s Ko k;ﬁl, i € I}, subject to the following relations for ¢,j € I},

ko kol =k ko, =1,

QYo
kaikaj = kajkaﬁ
kaieaj k;,l = q(ai_aii,aj)eaja
kaifocj k(;il _ q_(ai_a7i7aj)faja
ko, — k! |
e()éifaj - faieaj = 6i,jﬁv if [2W) 7& §a
eiieaj +€aj€3i = (q—l—q_l)eaieajeai, if |1 —j] =1,
O%ifaj +fOtj ozéi:(q+q71)faifajfaiv lf |Z_j|:1)
€a;€a; = €a,Ca; if i — 4] > 1,
faifaj:fajfaw 1f|Z—]|>1,
(2.1) ilea% +ealf§l :(Q+q_1)(fa €a; fa _qua%k;ll _q_zfa%ka%);
2 2 2

Nl
W=
[N

2
(2.2) 6(211 fay + fa;eil = (Q+q_1)<ea; fay€a, — q_zkalea; - qzk;}%@)'
2 2 2 2 2 2 2 2 2 2 2

We introduce the divided powers e&ai) =eg. /la], f((;:) = f&./la].

Remark 2.1. Note that the last two “Serre” type relations (ZI) and (22) are
different from [BW13] §6.1].

Lemma 2.2. The algebra U} (sly,41) has an anti-linear (q — q~') bar involution
such that ko, = k;il, €q; = €q,;, and 7% = fa,, foralli eI},
(Sometimes we denote the bar involution on Uy (sla41)) by ,.)

Proposition 2.3. There is an injective Q(q)-algebra homomorphism 1 : Uy (slay41)
— Uy (slyr41) defined by, for alli € Ty,

Ka; — KaiK;,liv €a; 7 Ea, + Fa—iK;:? foi = K;}1Fa1 + Ea_,.

Remark 2.4. In [BW13| Proposition 2.2], we consider the embedding that maps eq,
to Eq, + q_é""%Foéfichi1 and maps f,, to qé"*%K;}iFai +E,_,.
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Note that Eq, (K3 'Fa_,) = ¢*(K; ' Fa_,)Eq, for i € Iy,.. We have for i € I4,,

o (Fa K1)y Eo
2.3 7 e,(xa.) = q](a_J)( S T
23 (e =2 DT

o (K;LF,) E37I
2.4 o(fl)y =) gilam) T =
z4 =2 0 a0

Proposition 2.5. The coproduct A on U, (sla,11) restricts under the embedding 1
to a Q(q)-algebra homomorphism

A UZ(5[2T+1) — UZ(E[QT_H) & Uq(E[QT_H)
such that for all i € I,

A(kat) = kai & KQiKQ_z_l,;ﬂ

i

Alea,) =1® Eq, + €0, ® K + k3 @ Fo (K.,

i

A(fai) = kai ® K;,liFai + foéi ® K;,ll + 1 ® Ea—i‘
Similarly, the counit € of Ugy(sla,41) induces a Q(q)-algebra homomorphism

€ UZ(5[2T+1) — Q(q)
such that €(eq,;) = €(fo;) =0 and e(ky,) =1 for all i € Ty,

It follows by Proposition 2.5 that U} (sla,11) is a (right) coideal subalgebra of U.
The map A : Ug(slarq1) = Ug(slarq1) ® Ug(slar41) will be called the coproduct
of Uj(slr11) and € : U (sly41) — Q(g) will be called the counit of Ug (sla,41).
The coproduct A : U} (slyr41) — Up(slory1) ® Uy(slar41) is coassociative, i.e.,
(1 ® A)A = (A & 1)A : U2(5[2r+1) — U2(5[2T+1) ® Uq(5[2r+1) ® Uq(5[2r+1). The
counit map € makes Q(q) a (trivial) U} (slas41)-module. Let m : Ug(slar11) ®
U, (slory1) = Uy(slory1) denote the multiplication map. We have m(e @ 1)A = :
U, (sl2r41) — Ugy(slar41) by direct computation.

2.2. The quantum symmetric pair (U,(sly,12), Uj (sl2r12)). We set

(25) H§T+1 = Z>0ﬁ]12r+1 = {1,...,7"}.

The Dynkin diagram of type A1 together with the involution 6 can be depicted

as follows:
//@\\

Agpiq ° [ °
r+l a_, a_1 a1 .
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The algebra Uy (slz,12) is defined to be the associative algebra over Q(q) gener-
ated by €a,, fa,> ka;» k5! (i € 14,,), and ¢, subject to the following relations for
iu J € ]Iz2r+1:

ka ko' = kylka, =1,

Vo

kai kozj = kaj k(yia

-1 __ Qi — 0
kasea byt = q i)

kai faj k;ﬁl _ qf(ai*oz_q‘,,ozj)faj,

[
e7R)

ka,thy! =1,

ko, — k3!

eaifaj _fajeai :6i,jﬁ7
€ ea; +ea et = (@4 q ")ea;eq,€a;, if i — 4| =1,
€a;Ca; = €a,Ca;, if |i — 4] > 1,
fifaj +f0’jf27; = (Q‘Fqil)faifajfaw if |Z _]| =1,
fa,;faj:fajfam 1f |Z—j|>1,

€a;t = teq,, if i > 1,

ex t+ten, = (q+q " ea,teq,
t2eq, + €yt = (¢ + ¢ Htea,t + ea,,
Jait = tfa,, ifi>1,
fat+tfl =(q+q ") fartfa
 for + font® = (@ + ¢ )tfort + fa-

We introduce the divided powers e&ai) =e?/[a]!, ((;f) = fi*/la]! for a > 0,7 € I, ;.

Remark 2.6. The generating relations of the algebra U} (slz,12) are the same as
the generating relations of the algebra considered in [BW13| §2.1].

Lemma 2.7. The Q-algebra U} (sly,12) has an anti-linear (q — ') bar involution

such that ko, = k3!, €a, = €a;, fo, = fai, and t =1t for all i € Iy, ;.
(Sometimes we denote the bar involution on Uy (sla,42) by ¢,.)

Proposition 2.8. There is an injective Q(q)-algebra homomorphism 1 : Uy (slay+2)
— U, (sloy12) which sends (fori € Hér-‘,—l)

ko, = Ko, K", t+ Egy 4+ qFo K )

«p ?

€a; = Eo, + K, 'Fo_,, fa; = Fo,K;' + E, .

Remark 2.9. The embedding ¢ in Proposition 28] is different from the embedding in
[BW13l, Proposition 2.2], although the two subalgebras are (abstractly) isomorphic

(see Remark[2.0]). This phenomenon for quantum symmetric pairs was first observed
in [Lel Section 5].



256 HUANCHEN BAO

Note that E., (K 'Fa_,) = ¢*(K;'Fa_,)Eq, for all 0 # i € I. Using the
quantum binomial formula [Lu2, 1.3.5], we have, for all i € I, |, a € N,

a
(2.6) ell)) =3 TIED KL,
§=0
(2.7) W(I30) = DI ED R B,
7=0

Proposition 2.10. The coproduct A on Ug,(sly,12) restricts via the embedding @
to a Q(q)-algebra homomorphism

AU (slarr2) — Ug(slari2) @ Uy(slargz)
such that, for alli € 15, ,
A(ke,) = ka, ® Ko, K3,
Alea,) =1®@ Eqo, + €0, ® K + k' @ KJ'F,
Afai) = ka, ® Fo, K31+ fo, K1 +1® B,
Alt) =t K, +1®qF. K, +1® E,,.
Similarly, the counit € of Ugy(slary2) induces a Q(q)-algebra homomorphism

€: Uy (slar12) = Q(g)
such that €(eq,) = €(fa,) =0, €(t) =0, and €(ko,) =1 for all i € 15, ;.

The map A : U2(5[2r+2) — U2(5[2T+2) ® Ujg(slar12) is coassociative, i.e., we
have (1 X A)A = (A X 1)A : UZ(5[2r+2) — U;(ﬁ[g,«_i_g) X Uq(5[2T+2) X Uq(ﬁ[gr_;_g).
This A will be called the coproduct of U (sla,12), and € : Uj(sla42) — Q(q)
will be called the counit of U} (slz,12). The counit map e makes Q(q) a (trivial)
Ul (slar12)-module. Let m : Ug(slari2) ® Ug(slari2) — Ug(slay2) denote the
multiplication map. We have m(e ® 1)A =1 : Ug (slar12) — Uy(slar42) by direct
computation.

2.3. The i-canonical bases. In the rest of the section we shall develop the the-
ory of 2-canonical bases for the quantum symmetric pairs (Uq(sla,41), Uy (slar41)),
(Uq(slart2), U (slar42)) and its applications. The formulation of the theory is uni-
form for both cases. Hence we shall drop the subscript, and denote both quantum
symmetric pairs simply by (U, U*), and denote the corresponding index sets simply
by I =1 and I' =1Ij, for k = 2r + 2 or 2r + 1. In this section we shall assume all
modules are finite-dimensional.

Let U be the completion of the Q(gq)-vector space U with respect to the following
descending sequence of subspaces UTU° ( th(u)zN U:u)v for N > 1. Then we have

the obvious embedding of U into U. We let U~ be the closure of U~ in IAJ', and so
U~ C U. By continuity the Q(g)-algebra structure on U extends to a Q(g)-algebra
structure on U. The bar involution ~ on U extends by continuity to an anti-linear

involution on fJ, also denoted by ~. The following proposition is the counterpart of
[BW13l, §2.3, §2.4, and §4.4].

Proposition 2.11. There is a unique family of elements Y, € 4UZ, for p € NII
such that Yo =1, and T = ZM T, € U~ intertwines the bar involution 1, on U"



KAZHDAN-LUSZTIG THEORY OF SUPER TYPE D 257

and the bar iﬁvolution 1 on U via the embedding 1; that is, Y satisfies the following
identity (in U):
(2.8) ()Y =7 Y((uw)), for allue U
Moreover, T, =0 unless u® = u. We also have ¥ - T = 1.

Consider a Q(g)-valued function ¢ on A such that

C(p+ag) = —q¢(p)  (only for the pair (Uy(slar41), Ug(slari1)),

29) o) = =),
Clp+ a_y) = —qlo-irta-d=(am=te)y -y e A, i el

Such ¢ clearly exists (but is not unique). For any weight U-module M, define a
Q(g)-linear map on M as follows:

C: M — M,
Z(m) =((p)ym, Vme M,.

Recall that wg is the longest element of W and T, is the associated braid
group element from Section [[3 The following proposition is the analog of [BW13|
Theorem 2.18].

(2.10)

Proposition 2.12. For any finite-dimensional U-module M, the composition map
T:=ToloTy : M — M
is a U'-module isomorphism.

Recall the bar involutions on U and its modules are denoted by 1, and the bar
involution on U” is denoted by ,. It is also understood that 1(u) = ¥ (2(u)) for
u e U

We call a U-module M equipped with an anti-linear involution 1, involutive
(or s-involutive) if 1, (um) = ¥, (u)h,(m), Yu € U',m € M. For any involutive
U-module M with anti-linear involution v, the anti-linear involution

Y, =YTop: M — M

makes M an +-involution U’-module (cf. [BW13, Proposition 3.10]). In particular,
since we know both L(A) and “L(A) are involutive U-modules, they are +-involutive
U*-modules as well. The following theorem is the counterpart of [BW13l Proposi-
tion 4.20].

Theorem 2.13. Let A € A*. The U'-module ¥ L(\) admits a unique basis
B'(\) :={T;' | be B(\)}
which is Y,-invariant and of the form

) =bTe )+ Z tg\;b/b'Jrf,A, for tb/\;b, € qZ[q].
b <b
Definition 2.14. B*()\) is called the ¢-canonical basis of the U*-module “L(\).
Recall in [Lu2, Chapter 27] Lusztig has developed a theory of based U-modules

(M, B) (for a general quantum group U of finite type). The basis B generates a
Z|q]-submodule M and an A-submodule 4 M of M.

Theorem 2.15. Let (M, B) be a finite-dimensional based U-module.
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(1) The U'-module M admits a unique basis (called an 1-canonical basis) B* =
{T}, | b € B} which is 1,~invariant and of the form

(211) T, =b+ Z tb;b/b/, for typ € qZ[q].
b EB,b <b

(2) B forms an A-basis for the A-lattice 4 M, and B forms a Z|q]-basis for
the Z[q]-lattice M.

Recall that a tensor product of finite-dimensional simple U-modules is a based
U-module by [Lu2, Theorem 27.3.2].

Corollary 2.16. Let \y,...,\. € AT. The tensor product of finite-dimensional
stmple U-modules “L(A\) ® ... ®“L(\.) admits a unique 1,-invariant basis of the
form ZII) (called an t-canonical basis).

Remark 2.17. The construction of the i-canonical bases in this paper follows
straightforwardly from [BWI13]. In the ongoing work [BWI6], we construct the
1-canonical bases for general quantum symmetric pairs. In their preprint [BK15],
Balagovic and Kolb constructed the intertwiners for general quantum symmetric
pairs (with some overlap with our [BW16]), which leads to the universal solutions of
the (quantum) reflection equation (a generalization of the Yang-Baxter equation).

3. DUALITIES

In this section, we study various dualities between the coideal algebras and the
Hecke algebras of type B/C/D. The theory is again uniform in most cases, except
in subsection [3.4 where we only study the duality between Uy (sl 1) and Hc, .
Hence we shall simplify the notation (except in subsection B, and denote both
quantum symmetric pairs simply by (U, U"), and denote the corresponding index
sets simply by I =1 and I' =1}, for k = 2r 4+ 2 or 2r + 1.

3.1. The (U*,H} )-duality. We set I = I = {a+ 3la € I = I;}. Let the
Q(g)-vector space V := > _; Q(q)v, be the natural representation of U, hence a
U*-module. The action of U on V is given by (i € T and a € I)

i1 il
z:a it3

g,
Eyvq = 5i+%7ava_1, Fo,va = (51»_%7(1 =vg+1 and K,,v,=¢ Vg-

We shall call V the natural representation of U* as well. For m € Z~q, V€™ becomes
a natural U-module (hence a U’-module) via the iteration of the coproduct A. Note
that V is an involutive U-module with ¢ defined as

Y(vg) :=v,, forallael.

Therefore VO™ is an involutive U-module and hence an :-involutive U*-module.

Let Wpg,, be the Coxeter groups of type B,, with simple reflections s;,0 < j <
m — 1, where the subgroup generated by s;, 1 < ¢ < m — 1 is isomorphic to
Wa,, . = 6,,. The group Wp,, and its subgroup &, act naturally on I on the
right as follows: for any f € I, 1 <1i < m, we have

f.sj:{<...,f<j+1>,f<j>,..->7 if j > 0;

(31) (=F(1), £(2).... f(m)), ifj =0,
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Let J{%m be the Iwahori-Hecke algebra of type B,, with two parameters p and
q over Q(q,p). It is generated by HY, Hy, Ha, ..., H,,_1, subject to the following
relations (4,5 > 0):
(Hy —p Y)(H§ +p)=0 and (H;—q ") (Hi+q) =0,
H;Hi1Hi = Hip 1 HiHjq,

(3.2) o
HZ‘Hj:HjHi7 for ‘Z—j|>1,
HngHng :HngHng and HgHz:HILHg, for i > 1.
The bar involution on 3} is the unique anti-linear (7 = ¢~ and p = p~')

automorphism defined by H; = H; ! and HY = (HE)™'.

Let H} be the degenerate Iwahori-Hecke algebra of type By, over Q(q) with
the parameter p = 1. We shall write the generator HY as s¢ in this case. Note that
we have s2 = 1 and 55 = sg.

For any f € I"™, we can view f as a function from the set {1,2,...,m} to I™.
Thus we define My = v(1)®- - - @ V(). The Weyl group Wp,, acts on I™ by (B.1])
as before. Now the degenerate Hecke algebra J'C]lgm acts on the Q(g)-vector space
Ve™ as follows (a > 0):

q My, if f(i) = f(i+1);
My + (¢ = )My, 3 f(i) > f(i+1);
My - s9 = Mjy.s,-
Introduce the Q(g)-subspaces of V:
V. =P — ),
iel
Vi =P Q) (v + ).
icl
The following lemma follows from direct computation.

Lemma 3.1. V_ and V1 are U'-submodules of V. Moreover, we have V=V_ &
Vi
Let s be the largest number in I. Now we fix ¢ in (ZI0) such that {(s_5) = 1.
It follows that
Clesi) = (—q) 721 for s—i el

Let us compute the Ut-homomorphism T = To(o T, (see Proposition [Z12]) on the
U-module V; we recall that wg here is associated to U instead of Wg_ or Wy

m m—1"
Lemma 3.2. The U'-isomorphism T~1 on 'V acts as (—id) on the submodule V _
and as id on the submodule V.
Proof. First one computes that the action of T, on V is given by
Ty (V_spi) = (—q)* vy, for 0 < i < 2s.

Hence

(3.3) C 0Ty (Va) = Vg.sy-
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One computes the first few terms of Y. For example we have T, |14, =
3 3
—(¢" = @)Fs , F,, for the quantum symmetric pair (Ug(sly42), U (slar12)).
T2 2
Therefore using T =T o { o T, we have (for i € I")

(3.4) T g =wvp  (for the pair (Uy(slari2), Ul(slzr12))),

(35) 771(1)_1‘ - ’U,L') = (—1)(’0_1' — 1)7;),

(36) (.T_l(’l),i + ’Ui) = (’U,i + ’Ui).

The lemma now follows from Lemma 3.2} since T7~! is a U’-isomorphism. (]

Remark 3.3. We remind the readers that the intertwiner Y associated with the
quantum symmetric pair (U, U*) in this paper is different from the one in [BW13],
since we are considering quantum symmetric pairs with different parameters. This
leads to different actions of T on the natural representation V of U (cf. [BW13]
Lemma 5.3]).

We have the following generalization of Schur-Jimbo duality, whose proof follows
from [BW13| Theorem 5.4].

Theorem 3.4 ((U*, K} )-duality). (1) The action of T-' @ id™™ " coincides
with the action of so € Hp —on VO™,
(2) The actions of U and leBm on V®™ commute with each other, and they
form double centralizers.

Remark 3.5. By variations of the choices of the subalgebras (Propositions 23] and
28), we can obtain the coideal subalgebras U* that forms double centralizers with
the Hecke algebra J{%m of two parameters, when acting on the tensor product V™,

3.2. The Hecke algebra Hp , of type D. Let Wp, be the Coxeter group of
type Dy, (m > 2) with simple reflections sg and s;, 1 < j < m — 1. The Coxeter
group Wp, can be realized as a subgroup of Wp,_ via the following embedding:
sg — s0s150 and s; — s; for 1 > 1. When m = 1, we understand Wp_, as the trivial

group. The Weyl group Wp_ acts on the set I via the embedding.

m

Let Hp,, be the Iwahori-Hecke algebra of type D,, over Q(g). It is generated

by Hy, Hy, ..., Hy,_1, subject to the following relations:
(Hy —q Y)(H; +q) =0, for i > 0,
H;H;1H; = H;11H;H; 41, for i >0,
HZ'Hj:HjHi, for "L—]‘ > 1,
HOH2H0 = H2HOH2 and HOHi = HiHo, for i 75 2.

The bar involution on Hp,, is the unique anti-linear involution defined by H; = H; !
andg=¢ ! forall0 <i<m—1.

Lemma 3.6. There is a Q(q)-algebra embedding p : Hp, — Hp  such that

m

p(Hy) = soHiso and p(H;) = H;, fori>1.

Moreover, p commutes with the bar involutions, that is, p(h) = p(h) for h € Hp,,.
(The bar involution on the left hand side is the bar involution on Hp  , while the
bar involution on the right hand side is the bar involution on Hj )

m’
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Proof. Tt suffices to check the relations involving Hy. Note that we have
(soH1s0 — g~ ") (soHuiso +q) = so(Hi — ¢~ ) (H1 + q)so = 0,
soH1so - Ha - soH1so = soH1HaH1so = soHaH1Haso = Ha - soHyso - Ha,
S()HlSO'Hi :Hz '80H1$0 for 4 #2,0

This shows that p is a homomorphism of Q(g)-algebras. Then for dimension reason,
we see that p is an embedding.

To show that p commutes with the bar involutions, it suffices to show that
p(Hy) = p(Hp). This is clear since (recall 55 = s¢)

p(Ho) = p(Hy ') = (soHys0) " = soHy 'so = p(Ho).

The lemma follows. O

Via the embedding p : Hp, — Hp , the Hecke algebra Hp, has a natu-
ral action on the tensor space V¥ as follows (note that (f(1),f(2),...) - sd =

(=f(2),=f(1),...)):

q ' My, if a>0,f(a) = f(a+1);
My.s,, ifa>0,f(a) < fla+1);
My, + (gt =@My, ifa>0,f(a)> f(a+1);
3.7 M:H, =
B0 M=y ifa =0, (1) < f(2):
Mg+ (gt —q)My, ifa=0,—f(1)> f(2);
qile7 ifa= 07 _f(l) = f(2)

The following corollary follows immediately from Theorem [3.4]

Corollary 3.7. (1) The action of (T~'®id)- R~ (T~ ®id))®id™ ? coincides
with the action of Hy € Hp,, on VE™,
(2) The actions of U* and Hp,, on VO™ commute with each other.

Remark 3.8. The commuting relation of the actions of U* and Hp,, on V¥ has
also been observed in [ES| §7.6] by direct computation without using Theorem [3.4]

Definition 3.9. An element f € I" is called (D-)anti-dominant, if | f(1)] < f(2) <
f(3)--- < f(m). (]f(1)| denotes the absolute value of f(1).)

Theorem 3.10. The bar involution 1, : VO™ — VO™ s compatible with both the
bar involution of Hp,, and the bar involution of U*; that is, for all v € V&™,
heHp,,, and u € U*, we have

Y (uvh) =, (w) ¥, (v)h  and (M) = My for all D-anti-dominant f.
Moreover such bar involution on VO™ is unique.

Proof. The exact same proof as [BW13, Theorem 5.8] shows that the bar involution
1, = To1) is compatible with both the bar involution of 3{}37” and the bar involution
of U*. But since the embedding p : Hp,, — Hj is compatible with bar involutions
(Lemma [3.0]), we know that 1, is compatible with the bar involution of Hp,, .
Therefore we only need to show that ¢, (M) = My for all D-anti-dominant f.

For any D-anti-dominant f € I™ with 0 < f(1), we have ¢,(My) = M by
[BW13l Theorem 5.8]. For any D-anti-dominant f € I"™ with f(1) < 0, we see that
f - 8o is still D-anti-dominant and 0 < —f(1) = f(1) - so. We have

’(/}Z(Mf) = ’(/}Z(Mf-sos()) = '(/}z(Mf-so)% = Mf-s[)SO = Mf-
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Thus 9, (M) = My for all D-anti-dominant f € I™.
The uniqueness of such bar involution on V®™ follows from a standard argument
(cf. [BW13, Theorem 5.8]). The theorem follows. O

It is well known that via the action defined in ([3.7), the tensor product V&™
becomes a direct sum of permutation modules of Hp,,. Therefore the (parabolic)
Kazhdan-Lusztig basis of Hp  induces a (parabolic) Kazhdan-Lusztig basis (of
type D) on V&, Recall that V®™ admits an 2-canonical basis by Corollary
The following corollary follows immediately from Theorem B.10l

Corollary 3.11. The 1-canonical basis on the tensor space VE™ is the same as the
Kazhdan-Lusztig basis of type D.

Remark 3.12. Theorem [3.10] and Corollary B.I1] make sense in the case m = 1 as
well, where we understand Wp_ as the trivial group. More precisely, the ¢-canonical
basis on V is the same as the canonical basis on V.

3.3. Bruhat orderings. In this subsection we show that the bar involution v, on
V®m satisfies the type D Burhat ordering, which should be expected in light of
Theorem 3100 We do not need results from this section for any other part of this

paper.
Let X(m) = %Z[El,éz, ..., €m] and set
p=(0e1) —ea — - —(n—1e,
There is a non-degenerate symmetric bilinear form (-|-) on X (m) such that (le;) =
dij-
There is a natural injective map I"™ — X (m), defined as

f = Ay, where )\f:Zf(i)q—p, for feI™.
i=1

For any f € I, the U-weight of My is wt(f) = >_/", ;) € A. We define the
U'-weight of My to be wt,(f) = > i, &, i.e., the image of wt(f) in the quotient
Ag.

Note that we always have Ay — \; € Zle1,...,€ey] for any f,g € I™ = I} (for
both k = 2r + 1 and 2r + 2).
Definition 3.13. We define the following two partial orderings on I™:

(1) For any f,g € I"™, we say g <p [ if

m—1
wt,(f) = wt,(g) and A — Ay = ag(—e1) + Z a;(€; — €i41), where a; € N.
i=1

(2) For any f,g € I"™, wesay g <p fif
g=pf and g-sgo=pf-so.
(Recall (f(1),...)-s0=(=f(1),...).)
Proposition 3.14. Let g, f € I"™ such that g <p f.

(1) If m =1, then f = g.
(2) If m > 2, then we have

m—1
A —Ag = ap(—€1 — € —I—Zaz € — €i11), where a; € N.
i=1
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Proof. When m = 1, the proposition follows from direct computation. So let us
assume m > 2. It suffices to consider the case where

)\f — >‘g € Z[El,EQ].

Otherwise we can always find h € I"™ (and then replace g by h) such that g <p
h =<p fand A\, — Ay € Zles, €a,...,6m], A\f — A\, € Z[e1, €2]. Thus let us simply
assume m = 2.

We know that wt,(f) = wt,(g) by our assumption. All elements in I? of the
same U’-weight wt,(f) has the Hasse diagram with respect to the partial ordering
<p as the following (a >0, b >0, a < b):

j (_av _b)

>< 1
>< l
\( b)/_B

Applying sg to the vertices, which preserves the U'-weight wt,(f), we can rewrite
the Hasse diagram with respect to <p as:
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Combining the two diagrams, we have the following Hasse diagram with respect
to the partial ordering <p:

'<D ('av 'b)

f/
(b, -a) (a, -b)

l
(b, -a) (-b, a)
l
('a7 b) / (ba a)
(a, b) =D

The rest of the proposition follows from case by case computation. For example,
we have
A(=b—a) = A(=ba) = —2a€2 = a(—€1 — €2) + a(ey — €2).
O

Remark 3.15. Note that the set {€1,€1—€a,...,€m_1—€m}, and the set {e;+ea, €1 —
€2,...,€m—1— €En} are the sets of simple roots for type B, and type D root systems,
respectively. So for f, g € I"™, g <p f means that A\ — )\, is a non-negative integral
linear combination of type B simple roots, and ¢ <p f means that Ay — A, is a
non-negative integral linear combination of type D simple roots, respectively.

Remark 3.16. Actually if we know g <p f and g-so =B f - so, we have

m—1
)\f — Ag = ao(—El) + Z ai(ei — 6i+1) where a; € N;
=1
m—1
Afiso — Agesy = (2a1 — ap)(—€1) + Z a;(€; — €iq1) where a; € N, 2a; — ap € N.
i=1

But we can write Ay — )4 as
1 1 m—1
)\f—)\g: 5(@0)(—61—62)4-5(2@1—010 61—62 + Zzaz —61+1

We already know that ag > 0 and §(2a; —ag) > 0. So Proposition BI4lis essentially
showing that 1(ag) and 3(2a; — ag) are actually integers, if we in addition have

wt, (f) = wt.(9)-

In light of the proposition we shall see that the bar involution v, on the tensor
space V€™ actually respects the coarser partial ordering <p.

Proposition 3.17. For any f € I, we have

Y (My) = Y(My) = My + Z Cq,r My.

9=pf
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Proof. Following [BW13| Lemma 9.4], we have
(Mp) = Tp(My) = My + Y g M,

9=Bf

Thanks to compatibility in Theorem B.10, we have
Mo+ Y. g poseMy =0(My-so) =0 (My)-55= My -so+ Y oM.,

9’ =B fs0 9=Bf
Therefore we have cg/ ., = ¢q,f if ¢ = g - s0. Thus we have g <p f and g-so <p
f + s0. By Proposition B.14] this implies ¢ <p f. The proposition follows. |

Remark 3.18. We shall NOT use the partial ordering <p, or any variation of this
partial ordering in this paper. We shall only use the partial ordering <p and its
variants in this paper.

3.4. The (Uj(slz41),Hc, )-duality. In this subsection, we shall only consider the
quantum symmetric pair (Uq(sla,+1), U (sl2r11)). In order to avoid confusion, we
shall not use the simplified notation in this section.

Let W := V* be the (restricted) dual module of V with basis {w, | a € Izr41}
such that (wg,vs) = (—¢) %gp. The action of Uy(slyr41) on W is given by the
following formulas (for i € Iy 41, a € Iory1):

QisEa)

Eaiwa = 6i7%,awa+17 Faiwa = 5i+%’awa717 Kociwa = q_( Weq-

By restriction through the embedding ¢, W is naturally a UfI(ﬁ[QTH)—moduIe. For
n € Zso, WO is naturally a Ugy(sly,41)-module, hence a U (sly,41)-module, via
the iteration of the coproduct A. Note that W is an involutive Ug(sla,41)-module
with v defined as
Y(wg) = wy, forall a € Iy.4q.

Therefore W®” is an involutive U,(slyry1)-module and hence an z-involutive
U, (8lo;41)-module.

Let H¢, = J—qun be the Hecke algebra of type C' with equal parameters (p = q).
For f € I3, 4, let M;=wp)® - Qupy) € W®". The Hecke algebra H¢, acts
on W& as follows:

M3, ifa>0,f(a) = f(a+ 1)

MjH, =q M; | ifa>0,f(a)> fla+1);

(3.8) M;?,Sa-k(q_l—q)Mf, ifa>0,f(a)< fla+1).
M;.,,, if f(1) <0
M7H§ =q Mj.  + (g~ —q)My, if f(1) > 0;
q ' M7, if f(1) =0

Definition 3.19. An element f € I3, is called (C-)anti-dominant, if 0 < f(1) <
f2) < f@3)--- < fn).

Let us fix a choice of ¢ in (ZI0) such that 7= : W — W maps w_g to ws, where
s is the largest number in I, 1. The tensor product W®™ becomes a direct sum
of permutation modules of H¢, via the action defined in ([3.8). Hence W™ admits
a Kazhdan-Lusztig basis (of type C). The following theorem is the counterpart of
Theorem [3.4] Theorem B3.10], and Corollary B.111
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Theorem 3.20 ((Ug(sl2r41), Hc, )-duality). (1) The action of T~ @ id" !
coincides with the action of Hy € He, on W&,
(2) The actions of U} (slar11) and He, on WE™ commute with each other, and
they form double centralizers.
(3) There exists a unique bar involution 1, : W& — W™ such that for all
we W heHg,, ue Ulslyy1), and all C-anti-dominant f € I.i1,
we have

bi(woh) = u(u) ()b and P (My) = Mj.

(4) The 1-canonical basis on the tensor space W™ is the same as the Kazhdan-
Lusztig basis of type C'.

Remark 3.21. The actions of Uj (slz,) and Hc, on W", the restricted dual of the
natural representation V of Uy(sla,), do not commute.

4. KAZHDAN-LUSZTIG THEORY OF SUPER TYPE D

In this section we shall apply the theory of -canonical bases from Section
to study the BGG category O of the Lie superalgebra osp(2m|2n) with respect to
various Borel subalgebras. We shall formulate and establish the Kazhdan-Lusztig
theory for the Lie superalgebra osp(2m|2n).

We shall first set up various Fock spaces and establish the :-canonical bases on
suitable completions of those Fock spaces. Then we study various versions of the
category O of the Lie superalgebra osp(2m|2n). Finally we can formulate and es-
tablish the Kazhdan-Lusztig theory for the BGG category O of the Lie superalgebra
osp(2m|2n).

We emphasize that we shall use the same partial orderings as [BW13, Defini-
tion 8.3], even though subsection B3] suggests that we can use some coarser partial
orderings (type B vs. type D). Most proofs shall be similar to [BW13], hence shall
be omitted and referred to [BW13].

4.1. Infinite rank constructions and notation. We set
> 1 h 1 1
A1) Tega= Jlort1 =2,  Tye= U L =Z>0, loa=7+5
42) I —D]I —z+1 Uw Z +1 I, =17
. ev — 2r4+2 — 27 — >0 ev — 4.

When it is not necessary to distinguish the even or odd cases, we shall abuse
the notation and simply write I, T*, T (of course, they have to be consistent, i.e., all
even or all odd).

We have the natural inclusions of Q(g)-algebras:

. CUq(5[2r+1) C Uq(5[2r+3) (G - C UZ(5[2T+1) C U2(5[2T+3) C -y
. CUq(5[2r+2) C Uq(5[2T+4) (G - C UZ(5[2r+2) C Uz(5[2r+4) C -
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Define the following infinite rank Q(q)-algebras:

Uoaa == | J Uy(slaria) and Uy = ) Ul(slzyia),
r=0 r=0

Ue = [ J Uy(slyrs1) and UL, = | Ul(slarin).
r=0 r=0

We also abuse the notation and simply write the pair (U, U") (with the same
subscripts). The embeddings of finite rank algebras induce an embedding of Q(g)-
algebras, denoted also by ¢ : U* — U. Again U is naturally a Hopf algebra with
coproduct A, and its restriction under ¢, A : U* — U* ® U, makes U* (or more
precisely ¢(U")) naturally a (right) coideal subalgebra of U. The anti-linear bar
involutions on finite rank algebras induce anti-linear bar involution ¢ on U and
anti-linear bar involution ¢, on U*, respectively.

Recall IT;, denotes the simple system of Ug(sly). Let Hogq := oo Horp1 (Iey :=
U, o Hay 42, respectively) be a simple system of Uygq (Uey, respectively). We again
shall write II for both IT,4q and Il.,. Recall we denote the integral weight lattice
of Uy by Ag. Then let

Aodq = @ Z[Ez] = U Agry1 and  Ag, = @ Z[f:z] = U Aoy
r=0 r=0

1€1oda 1€ ey

be the integral weight lattice of U,qqy and U, respectively. Thus by abuse of
notation, we have (for both cases)

A =Pz

il
Following subsection [T, we have the quotient lattice Ay of the lattice A.

Following [BW13| §8.1] we can define the intertwiner T (which lies in some
completion of U™) for the quantum symmetric pair (U, U") such that

Y=Y T, YT.eU,.
pEeNIL

We shall see that T is a well-defined operator on U-modules with which we are
concerned.

4.2. The Lie superalgebra osp(2m|2n). In this subsection, we recall some basics
on ortho-symplectic Lie superalgebras and set up notation to be used later on (cf.
[CW] for more on Lie superalgebras).

Let Zy = {0,1}. Let C*™?" be a superspace of dimension (2m|2n) with basis
fei | 1 <i <2mpu{e; | 1 <j < 2n}, where the Z-grading is given by the
following parity function:

Let B be a non-degenerate even supersymmetric bilinear form on C2™2" The
general linear Lie superalgebra gl(2m|2n) is the Lie superalgebra of linear transfor-
mations on C>™?" (in matrix form with respect to the above basis). For s € Zs,
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we define

0sp(2m|2n), := {g € gl(2m|2n), | B(g(x),y) = —(=1)""" B(z, g(y))},
0sp(2m|2n) = osp(2m|2n)5 & osp(2m|2n)71.

We now give a matrix realization of the Lie superalgebra osp(2m|2n). Take the
supersymmetric bilinear form B with the following matrix form, with respect to
the basis (e1, ez, ..., €m, €1, €5, ..., €5,):

0 L, O 0

. 0o 0 o
32m\2n = 0 0 0 Im
0o 0 —-I" 0

Let E;j, 1 <4,j <2m, and Eg7, 1 < k,h < 2n, be the (i,)th and (k, h)th
elementary matrices, respectively. The Cartan subalgebra of osp(2m/|2n) of diagonal
matrices is denoted by ,,,, which is spanned by

Hy:=E; - Entimyi, 1<i<m,

Hy = Bj5 = Baggimge 1sisme
We denote by {¢;, € |1 <i<m,1<j<n} the basis of Ij:‘nm such that

€a(Hp) = 6ap, fora,be{i,j|1<i<m,1<j<n}.

We denote the lattice of integral weights of osp(2m|2n) by

(4.3) Xev(mn) : Z Ze; + Z ZLes.

Denote the set of half-integral weights of 05p(2m\2n)
m 1 n 1
X, = 7+ =)e; 7+ =)es
i) = D2+ et 3+ )
When it is not necessary to distinguish the integral or half-integral weights we shall
abuse the notation, and simply write X (m|n) for both of them.
The supertrace form on o0sp(2m|2n) induces a non-degenerate symmetric bilinear
form on by, denoted by (]-), such that

(€ilea) = 0iay (€5l€a) = =05 forae {i,j|1<i<m,1<j<n}.

J,a’

We have the following root system of osp(2m|2n) with respect to b,
O = dyU Oy = {£e; £ ¢, ep £ €, F2e5} U {£€), £ €5},

where 1 <i<j<m,1<p<m,1<q¢g<n,1<k<i<n.
In this paper we shall need to deal with various Borel subalgebras, hence various
simple systems of ®. Let b = (b1, ba, ..., bnin) be a sequence of m+n integers such
that m of the b;’s are equal to 0 and n of them are equal to 1. We call such a sequence
a 0™1™-sequence. Associated to each 0™1™-sequence b = (b1,...,bm1n), we have
the following fundamental system II,, and hence a positive system <I>Jr = <I>Jr UCI)Jr

b1’
of the root system ® of osp(2m|2n):
My = {—€ 632,6?—611:11‘1<Z<m+n—1}, for by = 0;

Iy, = {- 261,li—el;+11|1<@<m+n—1} for by =1,
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? =€, for some 1 <z < m, e} = ¢y for some 1 <y < n, such that €, — €;41
and ey — ;7 are always positive. It is clear that IIy, is uniquely determined by
these restrictions. The Weyl vector associate with the fundamental system IIy, is
1 1
defined to be pp := ;5 Zae@% a—3 Zﬁe@ﬁj B.
Corresponding to b** = (0,...,0,1,...,1), we have the following standard
Dynkin diagram associated to IIpse (for m > 2):

where €

O
61-6&
/2—63 €m — €7 €T — €3 €1 &m
O
—€1 — €2

As usual, @ stands for an isotropic simple odd root; () stands for a simple even
root.

Remark 4.1. If we have m = 1, the corresponding Dynkin diagram becomes (with
n > 2):

61—6T ®

™

/ET_fi €T~ €m

—€1 — €7

A direct computation shows that
(4.4) ppst =06 —ea —...—(m—1)ey + (m—1)er + ... + (M — n)ex.

More generally, associated to a sequence b which starts with two 0’s is a Dynkin
diagram which always starts on the left with a type D branch:

O

€1 — €2

\/

O

—€1 — €2

Here (9 stands for either &) or O depending on b.
On the other hand, corresponding to bst' = (1,...,1,0,...,0), we have the
following other often-used Dynkin diagram associated to I, . :

O=0 Q O—-—0O

_26T €T — €3 €q — €1 €1 — €2 €Em—1 — €Em

A direct computation shows that

(4.5) Ppstt = —€7 — 265 — - —neg+ner + (n—1)eg + -+ (n — m)ey,.
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Remark 4.2. The fundamental system IIy,, with b; = (0,1, b’) and the fundamental
system I, with by = (1,0,b’) differ by an odd reflection ([CW], Remark 1.31]),
even though their corresponding Dynkin diagrams look quite different.

More generally, associated to a sequence b which starts with one 1 is a Dynkin
diagram which always starts on the left with a type C' branch:

O=0 ©) O——0

_2€T

Now we can write the non-degenerate symmetric bilinear form on ® as follows:

(6?7 637_.7‘) _ (_1)bi6ij7 1< i,j <m-+n.

We define nti, to be the nilpotent subalgebra spanned by the positive/negative root
vectors in 0sp(2m|2n). Then we obtain a triangular decomposition of osp(2m|2n):

Oﬁp(2m|2n) = n:,r @ hm|n 2 "f,,

with ng ® Bomjn as a Borel subalgebra.

Fix a 0™1"-sequence b and hence a positve system ®;. By Z(0sp(2m|2n)) we
denote the center of the enveloping algebra U (osp(2m|2n)). There exists a standard
projection ¢ : U(osp(2m|2n)) — U(hp|,) which is consistent with the PBW basis
associated to the above triangular decomposition ([CW, §2.2.3]). For A € b | . we
define the central character y, by letting

xa(z) == XNe(z)), for z € Z(osp(2m|2n)).
Denote the Weyl group of (the even subalgebra of) osp(2m|2n) by W, which is

n?

isomorphic to Wp,_, x W¢, . Then for p, v € hfnln, we say p, v are linked and denote
it by p ~ v, if there exist mutually orthogonal isotropic odd roots ai,as, ..., a,
complex numbers ¢y, ca, ..., ¢, and an element w € W,y satisfying

l

ptpe=wv+pp— Y ciai), (V+ppla)=0, j=1...,1
=1

It is clear that ~ is an equivalent relation on bfn‘ ,,+ Versions of the following basic
fact go back to Kac, Sergeev, and others.

Proposition 4.3 ([CW| Theorem 2.30]). Let A\, u € Brpn- Then A is linked to p
if and only if X» = Xu-

4.3. The BGG categories. In this subsection, we shall define various (parabolic)
BGG categories for ortho-symplectic Lie superalgebras.

Definition 4.4. Let b be a 0™1"-sequence. The Bernstein-Gelfand-Gelfand (BGG)
category Op (= Op,ev Or Op odd, respectively) is the category of hyy,|,-semisimple
0sp(2m|2n)-modules M such that
(i) M = D ex(mn) Mp and dim M, < oo; (for X(m|n) = Xey(m|n) or
X (m|n) = Xoqa(m|n), respectively);
(ii) there exist finitely many weights *X,2)\,...,*\ € X(m|n) (depending on
M) such that if u is a weight in M, then p € ‘A = Na, for some 1.
The morphisms in Oy, are all (not necessarily even) homomorphisms of osp(2m|2n)-
modules.

aclly
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If the 0™1™-sequence b starts with 0, then we are interested in both Oy ., and
Ob,0dq- 1f the 0™1™-sequence b starts with 1, then we are interested in only Op -

Similar to [CLW15, Proposition 6.4], all these categories Op are identical for
various b, since the even subalgebras of the Borel subalgebras nij@hm‘n are identical
and the odd parts of these Borels always act locally nilpotently.

Denote by My, () the b-Verma modules with highest weight A. Denote by Ly ()
the unique simple quotient of My (A). They are both in Oy,.

It is well known that the Lie superalgebra gl(2m|2n) has an automorphism 7
given by the formula:

7(Eyj) = _(_1)p(i)(p(i)+p(j))Eji.

The restriction of 7 on osp(2m|2n) gives an automorphism of osp(2m|2n). For an
object M = €D,,e x (mn) Mu € O, we let

M= @B M

neX(mln)
be the restrictd dual of M. We define the action of osp(2m|2n) on M"Y by (g -
Nx) == —f(r(g) - z), for f € MV, g € osp(2m|2n), and x € M. We denote the

resulting module by M7.

An object M € Oy, is said to have a b-Verma flag (respectively, dual b-Verma
flag), if M has a filtration 0 = My € M; C My C --- C M; = M, such that
M;/M;_1 = My(v),1 < i <t (respectively, M;/M;_1 = M (v;)) for some v; €
X (mn).

Associated to each A € X (m|n), a b-tilting module Ty () is an indecomposable
0sp(2m|2n)-module in Op characterized by the following two conditions: Ty (M)
has a b-Verma flag with My ()) at the bottom; Exty, (M (1), Tn(A)) = 0, for all

w € X(m|n).

4.4. Fock spaces and their completions. Let V:= 3% _, Q(q)v, be the natural
representation of U, where the action of U on V is defined as follows (for ¢ € I,
acl):

— — — Qi ,€q
Eaiva = 61'4,-%,@1](1—1; Faiva = 51‘_%,ava+17 Kaiva = q( )Ua-

Let W := V* be the restricted dual module of V with basis {w, | @ € I'} such that
(Wa, vp) = (—q) " %q,p. The action of U on W is given by the following formulas
(foriel, aecl):

— _ _ —(ay,e
Eaiwa - 6i_%)awa+17 Faiwa - 5i+%7awa—la Kaiwa =4q (e a)wa-

By restriction through the embedding ¢, V and W are naturally U’-modules.
Fix a 0™1™-sequence b = (b, b, ..., bmin). We have the following tensor space
over Q(q), called the b-Fock space or simply Fock space:

(46) Tb — Vbl ® ng Q- ® Vb”‘+"L,

gh. Vo ifhi=0,
W, ifb = 1.

The tensors here and in similar settings later on are understood to be over the field
Q(q). Note that both algebras U and U* act on TP via an iterated coproduct.

where we denote
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For f € I™*™ we define

b ._ b b bintn
(4.7 Mp = vy @V, ®~-~®vf(;+n),

where we use the notation

b, v, if bl‘ = 0,
Vo=
w, if b; = 1.

We refer to {M}’ | f € I™*"} as the standard monomial basis of TP.
Let b = (b1, ,bmin) be an arbitrary 0™1™-sequence. We first define a partial

ordering on I"™*" which depends on the sequence b. There is a natural bijection
I« X(mn) (recall X(m|n) from [@3J)), defined as

m—+n

(4.8) fr )\?, where )\? = Z (=1)% f(i)ed — pp, for f e ™™,
i=1
(4.9) A 2 where f(i) = (A + ppled?), for A € X (m|n).
Definition 4.5. Fix ab = (by,...,bpmin). For any f € I let
m—+n
€5 = Z (—l)biaf(i) e A.
i=1

Let €7 be the image of e in the quotient Ag. Define the (b-)Bruhat ordering on the
set I™*" (hence on X (m|n)) as follows: for f,g € I"™*" wesay g <p fif e =7,

and
m—+n

)\? - )\;’ = ap(—e") + Z ai(el — effll), for a; € N.
i=1

Remark 4.6. This is exactly the same partial ordering used in [BW13] §8.4].

Let the B-completion T® be the space spanned by elements of the form (possibly
infinitely many non-zero c‘g:’f)

(4.10) M+ Y cbrlg)M,, for cb;(q) € Q(q).
g=<bf

We know from [BW13| Lemma 9.8] that ¢, = T ot : TP — TP is an anti-linear
involution such that

U (My) = My + Z ror(@)Mgy,  for rgr(q) € A.
9=bf

Theorem 4.7. The Q(q)-vector space T® has unique ¥, -tnvariant topological bases
{TP | felI™"} and {LY} | f € """}
such that
TP = Mg+ 3 tgp(@Mp, Ly =Myt 3 £3,(a) My,
923 f 9=3bf
with t;’f(q) € qZ[q, and st(q) € ¢ 'Zq7Y], for g =v f. (We shall write t?f(q) =
®:(q) =1, tp:(q) = £04(q) = 0 for g Zv f.)
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Definition 4.8. {Tp | f € I"*"} and {LY} | f € I"™*"} are called the 1-canonical
basis and dual 1-canonical basis of ’]I‘b, respectively. The polynomials t}]’f(q) and
ésf(q) are called 1-Kazhdan-Lusztig (or 1-KL) polynomials.

Remark 4.9. The different v,, coming from different T, leads to different (dual)
1-canonical basis on the tensor space TP from the ones in [BW13] Definition 9.10].

The following theorem is a counterpart of [BW13, Theorem 9.11].

Theorem 4.10. (1) (Positivity). We have t;’f € Nlq].
(2) The sum TJE’ =Mp+3,<¢ t;’f(q)M;’ is finite for all f € I™*™.

4.5. Translation functors. In [Brl], Brundan established a U-module isomor-
phism between the Grothendieck group of the category O of gl(m|n) and a Fock
space (at ¢ = 1), where some properly defined translation functors act as Chevalley
generators of U at ¢ = 1. In [BW13], the analogue in the setting of osp(2m + 1|2n)
has been developed. Here we generalize the construction to the setting of the Lie
superalgebra osp(2m|2n).

Let V be the natural osp(2m|2n)-module. Notice that V is self-dual. Recalling
subsection [£.2] we have the following decomposition of Oy (for fixed b):

ob = @ Ob.,)o\;
XX

where x) runs over all integral or half-integral central characters, i.e. A runs over
the equivalent classes X (m|n)/ ~ (recall this means X, (m|n)/ ~ or Xoqa(m|n)/ ~,
respectively).

We write Oy, 4 = @XA Ob,y, for all A such that Ep=17€ Ag. For r > 0, let
S™V be the rth supersymmetric power of V. For ¢ € I', M € Oy, we define the
following translation functors in Oy:

(4.11) M = er*T(EF%*EH%)(M ®S"V),
(4.12) e(a:)M = prwrr(s,;_%*sw%)(M ®S"V),
(4.13) tM :=pr (M ®V), (for the case U} 4,),

where pr), is the natural projection from Op to Op,, for u € Ap.
Note that the (exact) translation functors naturally induce operators on the

Grothendieck group [0£], denoted by fa (:), eal), and t as well. The following two

lemmas are analogues of [Brll Lemmas 4.23 and 4.24]. Since they are standard, we
shall skip the proofs.

Lemma 4.11. On the category Oy, the translation functors f(r), 6041), and t are

all exact. They commute with the T-duality.

Lemma 4.12. Let vy, ..., vy be the set of weights of SV ordered so that v; > v;
if and only if i < j. Let A € X(m|n). Then Mp(A\) @ S™V has a multiplicity-free
Verma flag with subquotients isomorphic to My(A + 1v1), ..., Mp(A 4+ vN) in the
order from bottom to top.

Let TE{ be the A-lattice spanned by the standard monomial basis of the Q(q)-
vector space TP. We define TS = Z ® 4 TY where A acts on Z with ¢ = 1. For any
u in the A-lattice T, we denote by u(1) its image in T.
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Let Oﬁ be the full subcategory of Op consisting of all modules possessing a
finite b-Verma flag. Let [Oﬁ} be its Grothendieck group. The following lemma is
immediate from the bijection I +» X (m|n) (with consistent choice of the subscript,
i.e., both ev or odd).

Lemma 4.13. The map
v [Oﬁ] — Tga [Mb(A)] = M})}'(]‘%
defines an isomorphism of Z-modules.

Denote by zU = Z ®4 4U the specialization of the A-algebra 4U at ¢ = 1.
Hence we can view T® as a zU-module. Thanks to Z.3)), Z4), (Z6) and Z7T), we
know ¢( fg)) and L(e(a:)) lie in 4 U, hence their specializations at ¢ = 1 in zU act
on TE. The following proposition is a counterpart of [BW13, Proposition 11.9].

Proposition 4.14. Under the identification [Oﬁ] and ']I‘IZ’ via the isomorphism U,
the translation functors f,i?, 6((32), and t act in the same way as the specialization

of fg;), effi), and t in U,

4.6. »-Kazhdan-Lusztig theory for osp(2m|2n). We define [[0f]] as the com-
pletion of [Oﬁ‘] such that the extension of ¥

v [[05]] — T2

is an isomorphism of Z-modules.

Theorem 4.15. (1) ForAany 0™1"-sequence b starting with 0%, the isomor-
phism W : [[Oﬁ“ — T% satisfies
U([Lu (V) = L (1), V([T (N)]) = TR (1), for A € X(m|n).
(2) For any 0™1™-sequence b starting with 1, the isomorphism U : HOEA”“’H —
'ﬂl;zev satisfies
U([Ln(V)]) = L (1), V([T (N)]) = TR (1), for X € Xeyp(mn).

Proof. This proof is essentially the same induction as the one in [BW13| Theo-
rem 11.13] (or its predecessor [CLW15]). The setting on the Fock spaces is exactly
the same as [BW13], since the only difference is the precise formula of the bar in-
volution 1,. (Recall we are using the same partial ordering as in [BW13].) Hence
here we will be contented with specifying how each step follows and refer the reader
to the proof of [BW13, Theorem 11.13] (and the references therein) for details.

The inductive procedure case (1), denoted by «KL(m|n) Vm > 2 = «KL(m|n+1),
is divided into the following steps:

(4.14) 1KL(m + k|n) Vk = KL(m|n|k) Yk, by changing Borels
(4.15) = KL(m|n|k) VEk, by passing to parabolic
(4.16) = 1KL(m|n|xx), by taking k — oo

(4.17) = KL(m|n + 00), by super duality

(4.18) = KL(m|n + 1) Vm, by truncation.
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It is instructive to write down the Fock spaces corresponding to the steps above:
VTR @ Wen vk = VO™ @ WO @ VF vk
= VO @ W @ APV Yk
= VO @ WO @ AV
= V& @ WO @ A*W
= Ve @ WO vim > 2.

Thanks to Theorem B0 and Corollary B.I1] the base case for the induction,

1KL(m|0), is equivalent to the original Kazhdan-Lusztig conjecture [KL] for s0(2m).

Step I4) follows from [BWI3l Proposition 11.14].

Step (EI3) follows from [BW13| §11.2].

Step (I0) follows from [BWI3| Proposition 11.4].

Step (I7) is based on [BW13| Proposition 11.12].

Step [I8) is based on [BW13], Propositions 7.7, 11.4 and 9.17].

The inductive procedure for case (2), denoted by KL(n|m)Vn > 1 =>w&KL(n|m+
1), is divided into the following steps:

(4.19) 1KL(n + klm) Vk = «KL(n|m|k) Yk, by changing Borels
(4.20) = KL(n|ml|k) Vk, by passing to parabolic
(4.21) = 1KL(n|m|x), by taking k — oo

(4.22) = KL(n|m + o0), by super duality

(4.23) = KL(n|m + 1) Vn, by truncation.

The Fock spaces corresponding to the steps above are the following:

WEMHR) @ VoM vi = W @ VO™ @ W vk
= W& @ VO™ @ \"W vk
= W @ VO™ @ A®W
= W @ VO™ @ AV
= W& @ VO vn > 1.
Thanks to Theorem B:20] the base case for the induction, *KL(n|0), is equivalent to
the original Kazhdan-Lusztig conjecture [KL] for sp(2n). The rest of the proof is

similar to the previous case.
The theorem is proved. O

Remark 4.16. There is a similar Fock space formulation for various parabolic sub-
categories of 0sp(2m|2n)-modules.
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